HW # 3. Reading about binary numbers and questions to do before class on Monday. pg 4l

#
1.5. Digital Representation of Numbers

1.5.1. Fundamentals

Information is stored on the computer in binary form. A binary bit can exist in one of pug
possible states. In positive logic, the presence of a voltage is.n::ullel.‘llhu:‘I',t:-l.u-;,-...u.h .
high state. The absence of a voltage is called the ‘0, f-lne.nmmﬂd,uh;'
Conversely in negative logic, the truc state has a lower voltage than the false state. Figure | 26

shows the output of a typical complementary mqaloxidescmicmdunortcmsuﬁﬁm

left side shows the condition with a true bit, and the right sidcshowsafnlse.mmmg“

digital circuit consists of a p-type transistor “on top of”" an n-type transistor. In digital ci

each transistor is essentially on or off. If the transistor is on, it is equivalent to a short circuit

between its two output pins. Conversely, if the transistor is off, it is equivalent to an open

circuit between its outputs pins. On TM4C microcontrollers powered with 3.3 V supply, a

voltage between 2 and 5 V is considered high, and a voltage between 0 and 1.3 V is contidered

low. Separating the two regions by 0.7 V allows digital logic to operate reliably at very high

speeds.  The design of transistor-level digital circuits is beyond the scope of this book.

However, it is important to know that digital data exist as binary bits and encoded as high and

low voltages.
True +3.3V Wmt False +3.3V
on M —Ci ﬂﬁ"
Out=3.3V Out=0V

.-‘ype-—l off LZM ll-t}’P_e_I on

Figure 1.25. A binary bit is true if @ voltage is
Start reading here |
> anhcrsarcstomdont}wmputer'

means each 8-bit byte slc;u.-nd + mmcmpqlm. the memory is organized into l-t!il bytes. This

of distinct or different values We g
binary bits. ; o CNPTESS precision in alternatives, decimal digits, bytes, of
nary bits. Alernatives are defined as the total number of possibilities as Iiste:[B}:l‘Td:Ic 1.7.

Let the operation [[x]] be the ; :
example, an 8-bit number scheme -\ BT Of X Eg., [[2.1]] is rounded up to 3. For
alternatives. An 8-bit digital 1o '

outputs. An 8-bit analog to dig.-mmlog m""’“‘;’ (DAC) can generate 256 different analog

present and false if the voltage is (),
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Binary bits Bytes Alternatives

8 [ 256

10 2 1024

12 2 4096

14 p 16,384

16 2 65,536

20 3 1,048,576

24 3 16,777,216
30 3 1,073,741 824
32 4 4,294 967 296
64 L] 18.446,744,073,709,551 616
n [[n8]] o

Table 1.7. Relationship between bits, bytes and alternatives as units of precision.

Observation: A good rule of thumb to remember 1s 2/ 1s approxamarely 10,

Decimal digits are used to specify precision of measurement systems that display results as
numerical values, as defined in Table 1.8. A full decimal digit can be any value 0, 1,2, 3,4, 5,
6,7, 8, or 9. A digit that can be either 0 or | is defined as a ' decimal digit. The terminology
of a ' decimal digit did not arise from a mathematical perspective of precision, but rather it
arose from the physical width of the LED/LCD module used to display a blank or "1" as
compared to the width of a full digit. Similarly, we define a digit that can be + or - also as a
half decimal digit, because it has two choices. A digit that can be 0,123 is defined as a %
decimal digit, because it is wider than a ' digit but narrower than a full digit. We also define a
digit that can be -1, -0, +0, or +1 as a % decimal digit, because it also has four choices. We use
the expression 4'4 decimal digits to mean 20,000 alternatives and the expression 4% decimal
digits to mean 40,000 alternatives. The use of a '; decimal digit to mean twice the number of
alternatives or one additional binary bit is widely accepted. On the other hand, the use of %
decimal digit to mean four times the number of alternatives or two additional binary bits is not
as commonly accepted. For example, consider the two ohmmeters. Assume both are set to the
0 to 200 k€2 range. A 3% digit ohmmeter has a resolution of 0.1 k€2 with measurements ranging
from 0.0 to 199.9 k€. On the other hand, a 4 digit ohmmeter has a resolution of 0.01 k€2 with
measurements ranging from 0.00 to 19999 k€ Table 1.8 illustrates decimal-digit

representation of precision.
Decimal digits _ Alternatives
3 1000
3% 2000
3V 4000
4 10,000
4% 20,000
4% 40,000
5 100,000

n |
Table 18, Definition of decimal digits as a unit of precision.
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Checkpoint L18: Ihwwyhhnqhhlmqnﬂhfﬁduchﬂ:ﬁﬁn?
WLI’:I{wmydcnmddiﬁumlpndwlﬂﬁmqhu?
WMmehﬁmhﬁ:amu;nﬂdmﬁ%md'qu

WMAWMMyWM&mhwmIM-MEmm?
Ymmm:ﬁ:ﬂhmnuhdﬂu,plmdu"nkofﬂn:nb".

mmmhﬂmmhmlﬁnoppudhmmhduhmlm
wﬂummw.mmmmmm for humans to represent
thmmmnhemh;WhmmMMmM-ﬂmm
MMM.HmmmWnﬂnhnﬁmmMnM“.hnmt
muMﬁmmeiIIMWdeInm-Md
Zmbinly.btlhﬂ:ishmkwewilld:ﬁmbiﬂmmbushegimigwﬁh%.lnmbly
ww.wwillmmmwm“medmmmm
The hexadecimal digits are 0, 1.2.3.4,5.6,7,8.9, A, B, C,D,E, and F. Some assembly

mﬂnputﬁlilo:ipifyheudechul.-ﬂhcwcmetlnwvﬁxlh.Toomvm
ﬁmbﬁywm.y@shnplymednbimmmmwuﬂulm
Hu(mmﬂtﬁgh}ﬂmmmmmofﬁubhhnmrnudwﬁmmiﬁt?m
ex-nple.ifyouwishedlomnvmIﬂlﬂﬁlll;.ﬁulyouwuuhlmitimnnibblu 1010 0111,
then you would convert each group 1010-A and 0111-7, yielding the result of 0xA7. To
mvmmimﬂmﬁm.ywmmmnnl—wwfumm
digit. For example, if you wished to convert OxBSD1, you substitute B=1011, 5-0101,
D-1101, and 1-0001, yielding the result of 1011010111010001,.

wmtmmmmummmuu,mw
Checkpoint 1.23: Convert the hex number 0x3800 to binary.

Che ] tLﬂ:!lwmybhuryﬁl:&mituhtnmmlhlmﬂ
(The following info on large numbers is interesting but not essential for ENGR-384 )

Agrwdn!ofmnﬁniunexistswudwlbhwium“mfwhgem In 1998 the
International Electrotechnical Commission (IEC) defined a new set of abbreviations for the
powmul’l,dmwninTabkl.?.memmmﬂundhyﬂnhuﬁMofw
and Electronics Engineers (IEEE) and International Committee for Weights and Measures
(CIPM) in shuuimswhaememeufabimptﬁxisw.mmmm“
mcﬁummﬂuminmmmmuim.uﬂummmm-ﬂDdLm
10 use the old terminology. According to the companies that market to consumers, a 1 GHz is
1.000,000,000 Hz but | Gbyte of memory is 1,073,741,824 bytes. The correct terminology is
touscﬂmcSl-decimlabbrwiuimumrq:mﬂpuwasofln.mmIEC—biuylbbtevinimu
mwprmﬂpowmofz.ﬂ\:sciﬂﬂiﬁcnmhlgnflkilovolbismmw2kibﬁymk
the proper way to specify ZMEW.Tthhlmhnofkihbinrym
and is a unit of information or computer storage, abbreviated KiB.

1 KiB = 2 bytes = 1024 bytes

1 MiB = 2% bytes = 1,048,576 bytes
1 GiB = 2% bytes = 1,073,741,824 bytes

ﬂm:hbuviuimumnlmbemdtospecifyd\enmnbu’ofbimhiu.ﬂwtﬂmwill
contraction of kilo binary bit, and is a unit of information or computer storage, i
Kibit.



1 Kibit = 2 bits = 1024 bats
1 Mibit = 2% bats = 1,048,576 bats
1 Gibit = 2% bits = 1,073,741,824 bits

A mebibyte (1 MiB is 1,048,576 bytes) is approximately equal to a megabyte (I MB i
IJNMWngm?sakingﬂummmmmmﬁ-immdmm
M.hﬁugmmmity.ﬂismhmmduhuachmd
unambiguous meaning.

S/ St Value 1EC IEC
Decimal Decimal Binary Binary
k kilo- 10247 Ki kibi-
M mega- 1024° Mi mabi-
G giga- 1024 Gi gibi-
T tera- um: Ti tebi-
P peta- 1024 Pi i
000" E exa- 1024° Ei 2:::.
000 Z zetta- 1024’ Zi 2ebi-
000" Y yolta- 1024" Yi yobi-

Table 1.9. Common abbreviations for large numbers.

1.5.2. 8-bit numbers

A byte contains 8 bits as shown in Figure 1.26, where each bit by,....by is binary and has the
value | or 0. We specify b, as the most significant bit or MSB, and by, as the least significant bit
or LSB. In C, the unsigned char or uint8_t data type creates an unsigned 8-bit number.

b7 [be [bs {4 | D3| b2 b1 |0

Fioure 1.26. 8-bit binary format, created using either char or unsigned char (in € 99 int8 _t or wint8_1).

Ifnbﬁcisuschreptuuﬂmtmsigmdnmbﬂ.Mﬂnuhxofdtmbuis
N = 128¢b, + 64sh, + 32sbs + 16ob, + 8sb; + 4eb, + 2¢b, + by

Notice that the significance of bit n is 2°. There are 256 different unsigned 8-bit numbers. The
smallest unsigned 8-bit number is 0 and the largest is 255. For example, 10000100, is 128+4 or
132.

Checkpoint 1.25: Convert the binary number 01101001 1o unsigned decimal.
Checkpoint 1.26: Convert the hex number (0x23 to unsigned decimal.
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The basis of a number system is a subset from which linear combinations of the basis elements
can be used to construct the entire set. The basis represents the “places™ in a “place-value™
system. For positive integers, the basis is the infinite set {1, 10, 100...} and the “values” can
range from 0 to 9. Each positive integer has a unique set of values such that the dot-product of
the value-vector times the basis-vector yields that number. For example, 2345 is (...,
234.50(..., 1000,100,10,1), which is 2*1000+3*100+4*10+5. For the unsigned 8-bit number
system, the basis is
{1,2,4,8, 16,32, 64, 128)

The values of a binary number system can only be 0 or 1. Even so, each 8-bit unsigned integer
has a unique set of values such that the dot-product of the values times the basis yields that
number. For example, 69 is (0,1,0,0,0,1,0,1)%(128,64,32,1684.2,1), which equals
0*128+1°64+0*32+0°16+0*8+1*4+0%°2+1%1.

Checkpoint 1.27: Give the representations of decimal 37 in 8-bit binary and hexadecimal
Checkpoint 1.28: Give the representations of decimal 202 in 8-bit binary and hexadecimal.

One of the first schemes to represent signed numbers was called one’s complement. It was
called one’s complement because 1o negate a number, you complement (logical not) each bit.
For example, if 25 equals 00011001 in binary, then -25 is 11100110. An 8-bit one’s
complement number can vary from 127 to +127. The most significant bit is a sign bit, which is
| if and only if the number is negative. The difficulty with this format is that there are two
zeros +0 is 00000000, and -0 is 11111111, Another problem is that one’s complement

do not have basis elements. These limitations led to the use of two’s complement.

In C, the char or int8_t data type creates a signed 8-bit number. The two's

number system is the most common approach used to define signed numbers. It was called
two’s complement because to negate a number, you complement each bit (like one’s
complement), and then add 1. For example, if 25 equals 00011001 in binary, then -25 is
IIH)I]III.Ifabyt:ismadhwpumﬂ:sigmdtwo‘smphnﬂmmbmﬁﬂlhvﬂ:h

N = -128¢b, + 64sh, + 32¢bs + 16°b, + 8sb; + dsb, + 2+b, + by

There are 256 different signed 8-bit numbers. The smallest signed 8-bit number is -128 and the
largest is 127. For example, 10000010, equals -128+2 or -126.

Checkpoint 1.29: Are the signed and unsigned decimal representations of the 8-bit hex
number 0x35 the same or different?

For the signed 8-bit number system the basis is
{1,2,4,8, 16, 32, 64, -128)

The most significant bit in a two's complement signed number will specify the sign. An error
will occur if you use signed operations on unsigned numbers, or use unsigned operations on
signed numbers. To improve the clarity of our software, always specify the format of your data
(signed versus unsigned) when defining or accessing the data.

Checkpoint 1.30: Give the representations of -31 in 8-bit binary and hexadecimal.
Observation: To take the negative of a two’s complement signed number, we first
complement (flip) all the bits, then add 1.



(ASCII) code. Standard ASCII is actually only 7 bits, but is stored using 8-bit
bytes with the most significant byte equal to 0. Some computer systems use the 8th bit of the
ASCII code to define additional characters such as graphics and letters in other alphabets. The
7-bit ASCII code definitions are given in the Table 1.10. For example,
0x50 row and the 6 column. Putting the two together yields hexadecimal 0x56. The NUL
character has the value 0 and is used to terminate strings. The ‘0" character has value 0x30 and
represents the zero digit. In C and C99, we use the char data type for characters.

BITS 4 to 6

g
:
<
-3
5
g

0 1 2 3 4 S 6 7
B 1
I 2
1 3
S 4
5
0 6
T
T 8
0 9
Al
3 B
C :
D
E
F| Bl | US
Table 1.10. Standard 7-bit ASCIL

Checkpoint 1.31: How is the character 07 represented in ASCIT?

From “Real-Time Interfacing to ARM Cortex-M Microcontrollers”, Sed
by Jonathan Valvano



Further information on binary numbers

It can useful to know some powers of two, particularly powers from 0 to 7:

N 2N  8-bit representation
0 1 00000001
1 2 00000010
2 4 00000100
3 8 00001000
4 16 00010000
5 32 00100000
6 64 01000000
7 128 10000000
8 256

9 512

10 1024

11 2048

12 4096

13 8192

14 16384

15 32768

16 65536

The left most bit of a binary number is called the Most Significant Bit (MSB)
The right most bit of a binary number is called the Least Significant Bit (LSB)

4-bit binary numbers to illustrate signed numbers in 2's complement format.

+7 0111 The most significant bit indicates sign: 0 means positive
+6 0110 1 means negative
+5 0101
+4 0100
+3 0011
+2 0010
+1 0001
0 0000
-1 1111
-2 1110
-3 1101
-4 1100
-5 1011
-6 1010
-7 1001
-8 1000

Given a binary number with N bits, you can’t tell if it is signed or unsigned just by looking at the
number. Someone has to tell you if it is signed or unsigned.



Here are questions to answer for Homework # 3:

1)
2)
3)

4)

5)

6)

7)

(please don’t just plug numbers into a calculator and use a convert button to convert
between binary and decimal or decimal to binary, figure it out based on digit values)

What is the base 10 number for the unsigned binary value 0 1010011 ?
What is the unsigned 8-bit binary value for decimal 37?
What is the binary representation for minus one using a 5-bit binary number?

To represent a decimal 300 as an unsigned binary number, how many binary digits are
required?

What is the hexadecimal representation of the binary number given in problem 1?

Assume 4-bit signed numbers are being used as shown on the precious page. What is the
hexadecimal representation for minus one (-1)?

Hexadecimal numbers use characters A to F in addition to 0 to 9. List the letters A to F
and give the base 10 equivalent value for each.



